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Einstein-Gauss-Bonnet gravity in five-dimensional spacetime provides an excellent example of a 
theory that, while including higher-order curvature corrections to General Relativity, still shares 
many of its features, such as second-order field equations for the metric. In particular, we focus on 
the largely unexplored case where the coupling constants of the theory are such that no constant- 
curvature solution is allowed, leaving open the question of what the vacuum state should then 
be. We find that even a slight deviation from the anti-de Sitter Chern-Simons theory, where the 
vacuum state is five-dimensional AdS spacetime, leads to a complete symmetry breakdown, with the 
fifth dimension either being compactified into a small circle or shrinking away exponentially with 
time. A complete family of solutions, including duality relations among them, is also uncovered. 
This dynamical dimensional reduction scenario seems particularly attractive as a means for higher- 
dimensional theories to make contact with our four-dimensional world. 



I. INTRODUCTION 

In his widely-read "Lecture Notes on General Relativ- 
ity" Q, S. Carroll likened the cosmological constant to 
Rasputin — difficult to kill off. From a purely theoretical 
point of view, the cosmological constant has a singular 
appeal; it is the only diffcomorphism-invariant term one 
can add to the Ricci scalar curvature in the Einstein- 
Hilbert (EH) action that does not spoil the second-order 
nature of the field equations for the metric. By the same 
token, omitting the cosmological constant from the ac- 
tion requires an explanation — why set A = 0? 

Gravity theories in dimensions higher than four that go 
beyond the EH action have been known at least since the 
work of D. Lovelock Q. Their rationale is simple. Any 
diffcomorphism-invariant term that leads to second-order 
field equations for the metric is allowed in the action. 
In d dimensions, the most general Lagrangian, with no 
explicit torsion, that meets these requirements can be 
written as a linear combination of 

T ( d ) — i"l— , ^P . . . UP.2p-lfJ.2p (I \ 

—"lii—nap-n- v-lv 2 n i>2p-iV2p' ) 

where ' is the Riemann tensor and p = 0, 1, . . . , n = 
[d/2\ . The first two terms are the cosmological constant 
(p = 0) and EH (p = 1) terms. By disentangling the Kro- 
necker delta we can check that the p = 2 term amounts to 
the exact combination of curvature-squared contractions 
that define the Gauss-Bonnet (GB) density, 

hf ^R^ pa R?\ v -m\R\ + R\ (2) 
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Adding this term to the EH action in d = 4 does not 
change the field equations, because it can be written as 
a total derivative that only contributes a boundary term 
to the actional Things arc different for d > 5. The inclu- 
sion of the higher-order terms in dimensions greater than 
four produces a stark departure from General Relativity 
(GR), even though the principles behind their inclusion 
are the same as those for the EH action. As with the 
cosmological constant, it seems that omitting the terms 
with p > 2 from the action requires an explanation. That 
there may be none available is highlighted by the fact 
that these higher-order corrections to GR are actually 
predicted by String Theory 0-0] • 

The lowest dimension in which the Lovelock terms 
make a difference, and hence the simplest scenario where 
we can test their consequences, is d = 5. Five- 
dimensional spacetime is also interesting from a rather 
different point of view, namely, the AdS/CFT corre- 
spondence Q, with the prime example being the equiv- 
alence of M = 4, U (N) Yang-Mills theory and ten- 
dimensional superstring theory on AdS$ x 55. Einstein- 
Gauss-Bonnet (EGB) gravity in five and higher dimen- 
sions has been extensively studiecQ (see, e.g., Refs. [Tol — 

HI). 

It has long been recognized that the theory possesses 
different regimes depending on the value of the product 



1 Noether charges are sensitive to boundary terms in the action, 
however, and the inclusion of Z/S, nas been shown to be impor- 
tant in this context Q ■ 

2 Other theories that also carry the "Gauss-Bonnet" label include 
/ (G) theories, where the EH action is supplemented with some 
nontrivial function of the GB term, and "dilatonic" GB theories, 
where the departure from GR comes from a scalar field that 
couples non-minimally to the GB term (see, e.g., Q). We shall 
restrict ourselves to EGB gravity as summarized in section ITT1 
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FIG. 1. The two branches of the hyperbola qA = —3/4 define 
different regions of parameter space in EGB gravity. Regions I 
and II admit two distinct constant-curvature solutions, while 
region III admits none. On the boundary between regions II 
and III lies the CS case, where a single constant-curvature 
vacuum exists. Our parameterization for the EGB coupling 
constants [cf. eqs. ©-©] is valid in regions II and III. 

a A, where a is the GB coupling and A is the cosmological 
constant. These different regions of parameter space are 
shown graphically in figure [TJ In regions I and II there 
exist two distinct constant-curvature solutions, each of 
which is a candidate for the vacuum d, [2ll - [25j . On the 
boundary between regions II and III, a and A conspire 
to let the action acquire an extra symmetry beyond lo- 
cal Lorentz invariance. This is the Chern-Simons (CS) 
case [2f|, and the extra symmetry may be de Sitter (dS), 
anti-de Sitter (AdS) or Poincare invarianceH One of the 
beauties of the CS case is that the theory can be seen 
to have a single vacuum state — a constant-curvature 
spacetime. In region III, on the other hand, no constant- 
curvature solution is allowed. 

Perhaps unsurprisingly, this last case, where no 
constant-curvature vacuum may exist, has received little 
attention so far. The absence of a maximally symmetric, 
constant-curvature solution may, on the other hand, sig- 
nal the existence of a less symmetric vacuum state. For 
instance, spacetime may be forced to acquire a "warped 
product" structure, factorizing into cither 4 + I or 3 + 2 
spaces. A less symmetric vacuum state may then turn 
out to look a lot like our own usual four-dimensional 
spacetime, with the fifth dimension being dynamically 
compactified away or otherwise rendered unobservable. 

Our motivation in this work has been precisely this; 
to look for solutions to EGB gravity that display a 
warped product structure that somehow permits an ef- 
fectively four-dimensional spacetime to emerge as the 
non-maximally symmetric vacuum state of this five- 
dimensional theory. 



3 In this latter case only the GB term is present in the action. 



In section we review the EGB theory in greater de- 
tail and set the stage for our search. Our main results 
are presented in summarized form in section [TTT1 We find 
a class of very simple exact solutions and in section IIVI 
we focus our attention on two of them. The first one 
realizes dynamically the Kaluza-Klcin idea of a circular 
fifth dimension, with the flow of time changing as we 
move along the fifth dimension. In the second solution 
the fifth dimension is non-compact, but it shrinks away 
exponentially into nothingness as time passes, leaving 
behind an effectively four-dimensional spacetime. Or- 
dinary three-dimensional space for both solutions has 
constant negative curvature. These solutions show, in 
as simple a setting as possible, how an effectively four- 
dimensional spacetime may dynamically emerge from a 
higher-dimensional theory. Note that four-dimensional 
spacetime emerges as a natural feature of the theory, and 
not as the result of some ad-hoc compactification. The 
ugly duckling of the EGB family may still mature into a 
beautiful swan. 

We state our conclusions and further discuss our results 
in section [V] where we also give an outlook for future 
work. 



II. THE VACCUM IN 
EINSTEIN-GAUSS-BONNET GRAVITY 

For our purposes it will prove useful to write the La- 
grangian for five-dimensional EGB gravity in the lan- 
guage of differential forms at@ 

L = je abcde (n ab R cd - ^R a "e c e d + ^e a e b e c e d ^j e e . 

(3) 

Our choice of parameterization for the coupling constants 
deserves some explanation. The only dimensionful con- 
stant is I, which matches every appearance of the vielbein 
and has dimensions of length. Clearly I could be elim- 
inated by absorbing it in the definition of the vielbein, 
but then the spacetime metric would no longer be re- 
lated to e a through the familiar relation — r/ a be a ^e b u . 
The constants n and x are dimensionlessH the first one 
is related to Newton's constant while the latter measures 
the relative strength of the EH term in eq. ([3]). A larger 
absolute value of \ is thus associated with greater sim- 
ilarity with GR. The cosmological constant A and the 
GB coupling constant a can be recovered from / and x 



4 The usual definitions of first-order formulations of gravity apply 
here: e a and ui ab stand for the one-forms vielbein and spin con- 
nection, with the Lorentz curvature and torsion being defined 
as R ab = Au) ab + ui a c u) cb , T a = Ae a + u) a b e b . Wedge product 
between differential forms is understood throughout. 

5 In natural units, with ft = c = 1. 
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through the relations 



III. ANSATZ AND SOLUTIONS 



I 2 

a = -—. 

4 X 



(4) 
(5) 



As inferred from eqs. (HJ)-©, our parameterization is 
strictly speaking only valid when A and a have different 
signs (regions II and III in figure [1]). Since our inter- 
est here lies in the case when no constant-curvature vac- 
uum exists, this will prove sufficient — it can be easily 
shown that, when A and a have the same sign (region I 
in figure [1]), then the theory always admits two distinct 
constant-curvature solutions. 

The field equations obtained by independently varying 
the Lagrangian ([3]) with respect to the vielbein and the 
spin connection read 



tabede R° R 



R ab e c 1 ^ 



P 



I 4 



e e e e 



0, (6) 



^abede [ *L 



jed X „c„d 



e c e d )T e = 0. (7) 



While eq. © can be solved by simply demanding T a = 0, 
and we shall do so in everything that follows, it seems 
worthwhile to recall that there exist solutions to the EGB 
equations that feature nontrivial torsion Eq. © 

is the EGB generalization of the Einstein equation in 
vacuum. The presence of the GB term in the action 
implies that it can be factorized as 



^abede 



R 



ah 



fa 



R 



cd 



cd\ 



_e e 



0, 



where the roots (5± are given by 



r- 



i± i i- 



xr 



(8) 



(9) 



This simple calculation shows that the behavior of the 
EGB theory regarding constant-curvature solutions can 
be summarized as follows. When x 2 = 1 there exists a 
single constant-curvature vacuum; dS spacctimc for \ = 
+1 and AdS spacctimc for \ — ~ 1- This case is also 
special in the sense that the EGB Lagrangian coincides 
with the CS form for the dS algebra (when \ = +1) or the 
AdS algebra (when x = — !)■ When x 2 > 1 (region II 
in figure Q} there exist two distinct constant-curvature 
solutions, each of which is a candidate for the vacuum 0, 
l2ll - [25l ]. A last possibility occurs when x 2 < 1 (region III 
in figure Q} and the roots f3± are complex, with /3zp = P±. 
In this case there are no constant-curvature solutions, so 
the vacuum state is bound to have less than maximal 
symmetry. We would like to emphasize that, while (3± are 
complex in the latter case, the Lagrangian stays always 
real. 

As pointed out in the Introduction, we shall be par- 
ticularly concerned with the case where no constant- 
curvature solutions exist, i.e., with the case where \ 2 < 1 
(region III in figure [1} . 



We begin our search for solutions by postulating the 
metric ansatz 

ds 2 = -f 2 (w) dt 2 + g 2 (w) dY? + p 2 (t) q 2 (x, y, z) dw 2 , 

(10) 

where dT, stands for the line element of a constant- 
curvature 3- manifold S, 



dS 2 = 



l + — (x 2 +y 2 + z 2 ) 



(dx 2 + dy 2 + dz 2 ) 



(11) 

The ansatz in eqs. (|10p (jlip includes four unknown func- 
tions f,g,p, q, and one parameter, K. The warped prod- 
uct structure is apparent in the fact that functions of w 
multiply dt and the line element of E, while functions of 
t and (x, y, z) multiply dw. 

To plug this ansatz into the field equations ([6|) we need 
to first turn it from a metric ansatz into an ansatz for the 
vielbein and the spin connection. The vielbein part can 
be chosen as 



/ H dt, 
g{w) e\ 

p{t)q{x,y,z)dw, 



(12) 
(13) 
(14) 



where e 1 (i = 1,2,3) stands for the intrinsic vielbein of 
the three-manifold E, 



1 + — (x 2 + y 2 + z 2 ) 



dx 1 



(15) 



The ansatz for the spin connection, on the other hand, 
can be found by solving T a = for uj ab and plugging 
eqs. p2|l - pT|) into the result. We shall spare the reader 
the (not particularly illuminating) details. 

The field equations [cf. eq. ©] for the EGB theory are 
notoriously complicated, amounting to a highly nonlinear 
system of 25 coupled partial differential equations. It 
is remarkable that the ansatz (fTOf allows for an exact 
solution to be found. 

Our results imply that we must have 



9{w) = 1, 
q(x,y,z) = 1, 



K 



1 



(16) 
(17) 

(18) 



Surprisingly, the field equations do not allow for a non- 
trivial warping factor for the three- manifold E, while the 
warping factor for the fifth dimension is only allowed to 
depend on time. This means that the metric takes on the 
simplified form 



ds 2 = -f 2 M dt 2 + dY? + p 2 (t) dw 2 



(19) 



All possible alternatives for the / and p functions are 
summarized in table |TJ 
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TABLE I. Summary of solutions for the EGB theory with 
\ 2 < 1. Each spacetime is characterized by the functions / 
and p plus the sign of the curvature of E. Here "circ." refers 
to a linear combination of sine and cosine, while "hyp." refers 
to a linear combination of hyperbolic sine and hyperbolic co- 
sine. The parameters R and r set length and time scales, 
respectively, with £ = (1/2) (x - 1/x)- 



Class 


/W 


p(t) 


E 


Range 


R,T 


PH- 


1 


hyp. 


K < 


-i<x<o 




FC- 


circ. 


1 


K < 


-1<X<0 




PC+ 


1 


circ. 


K > 


0<X< i 




FH+ 


hyp- 


1 


K > 


0<X< i 





Wc have adopted a very simple-minded naming scheme 
for these solutions. A "PH— " solution, for instance, has 
hyperbolic p (and trivial /), with negative curvature for 
K. A "PC+" solution, on the other hand, has circular p 
(and trivial /), with positive curvature for K. 

It is easy to see that a "double Wick rotation" 



t —> iw, 
w — > —it, 



(20) 
(21) 



maps one class of solutions into another. Namely, one 
can start from a PH— solution, apply the double Wick 
rotation and end up with an FC— solution. Similarly, 
the PC+ class is dual to the FH+ in this sense. Since 
the double Wick rotation (|20[) - (|2"Tj) amounts to a complex 
diffeomorphism, one may say that these pairs of solutions 
are mathematically equivalent but physically distinct. 

The two-manifold w-t, let us call it fi, has clearly a 
life of its own. One can easily show that fi has constant 
curvature 



where £ is given by 



(22) 



(23) 



Thus all solutions we have found actually display a sim- 
ple product structure E x f2, where the three-manifold 
£ and the two-manifold SI each have constant curvature. 
These curvatures are always distinct, as expected from 
the fact that no five-dimensional constant-curvature so- 
lution exists in the EGB theory with x 2 < 1. As shown 
in table HI £ is involved in the definition of length and 
time scales for the solutions. 

Solutions with a product structure of the form R x M4, 
where M4 is a four-dimensional manifold, on the other 
hand, do not seem to exist. 

From eq. (|23|) it also becomes apparent that, as x -> 
1/x, we have £ — > — £. This transformation on x leads 
us outside the range of interest that we had set for \ 
at the beginning, namely, from x < 1 to x > !■ The 



solutions carry over. As shown in table [TT1 four more 
classes of solutions similar to the ones already discussed 
also exist in the theory with x 2 > 1, and, perhaps not so 
surprisingly, also for GR with either a positive or a neg- 
ative cosmological constant. Existence, however, does 
not necessarily imply relevance. While the solutions in 
table U for the EGB theory with \ 2 < 1 are strong can- 
didates for the vacuum state of the theory, both GR and 
the EGB theory with x 2 > 1 have their own vacua - 
five-manifolds of constant curvature. 



TABLE II. Summary of solutions for the EGB theory with 
X 2 > 1 and GR with either a positive or a negative cosmolog- 
ical constant A. See also Tableland Fig. [2] 



Class 


/w 


P(t) 


E 


Theory 


Range 


R,T 


K 


PH+ 


1 


hyp. 


K > 


EGB 
GR 


x> 1 

A > 


nr 

V 2A 


1 

w 

A 
3 


FC+ 


circ. 


1 


K > 


EGB 
GR 


x> 1 

A > 


nr 

V 2A 


1 

w 

A 
3 


PC- 


1 


circ. 


K < 


EGB 
GR 


x<-i 

A < 




1 

w 

A 
3 


FH- 


hyp. 


1 


K < 


EGB 
GR 


x< -1 

A < 




1 

\l' 2 
A 
3 



It is perhaps interesting to note that, as x -> 00 and 
I — > 0, while keeping x' 2 = 3/A finite, the EGB solutions 
with x > 1 exactly match those of GR with A > 0. An 
analogous phenomenon occurs for the EGB theory with 
X < -1 and GR with A < 0. 

The full picture of solutions, as parameterized by x 
and £, is shown in figure [2] 



IV. TWO PARTICULAR CASES 

A. Circular Fifth Dimension 

An FC— solution (see table U and figure [2|) can always 
be written as 



1 2 2, 
as = — cos 



dt 2 + dTf + dw 2 



(24) 



where R = Z-y/£ [cf. cq. ([23]) ] and S has constant negative 
curvature. 

The spacetime described by the line element (|24|) is one 
where the fifth dimension has been dynamically compact- 
ified to a circle of radius R. The flow of time changes as 
we move inside this circle, so that, e.g., the speed of light 
as measured by a four-dimensional observer may vary if 
the photon is also moving along the fifth dimension. 

A quick glance at the metric (T2"4"l) shows that there are 
two singular points, w = ±irR/2. These are bound to 
be coordinate singularities, since the metric describes a 
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PH-/F(j- - 


ii i 

pe1+/fc+^^^ 


^^PC-/Fp- 

! i / 


- PC+/FH+ 

! 



-3-2-10 1 2 3 



spacetime. The time scale for this shrinking is set by 

T. 

An arbitrarily slow shrinking (r — > oo) can be accom- 
plished only be coping with a highly curved (K — > oo) 
three-manifold E. This case corresponds to \ — > 0, i.e., 
the least similar one to GR. 

As with the solution discussed in section HV Al a slight 
deviation from an exact CS theory produces a complete 
breakdown of the maximally symmetric vacuum state 
(five-dimensional AdS spacetime) into a state where the 
fifth dimension shrinks extremely fast and ordinary three- 
space has roughly the same constant negative curvature 
as in the CS case. Specifically, for x = — 1 + £, with 
0<e«l,we have that r = l-s/e and K = - (1 + e) /I 2 . 



FIG. 2. Summary of solutions as parameterized by x an d £, 
with £ = (1/2) (x ~ 1/x)- Each branch of the graph hosts two 
different spacetimes, which are related by the double Wick 
rotation t — > iw, w — > —it. Solutions for the EGB theory 
with x 2 > 1 are a l so solutions of GR, whereas those with 
X 2 < 1 are not. The three-manifold E has constante curvature 
K = 1/xl 2 while the two- manifold Q has constant curvature 
L = 1/fZ 2 . See also table Q] and table |IT] 



simple product of two constant-curvature spaces. Indeed, 
a photon moving only along the circular dimension has a 
velocity 



dw fw\ 
—— = cos — 
dt \RJ 



(25) 



so that it always moves away from w = —ttR/2 and to- 
wards w = +ttR/2. As measured by an external observer, 
however, it takes an infinite amount of time for the pho- 
ton to reach w = +irR/2 (proper time for the photon is 
always zero), so that the singularity is avoided. 

A small radius, R <C I, can be achieved if \ differs 
only slightly from the AdS-CS value of x = — 1. In this 
sense, it seems that a even small deviation from an ex- 
act CS theory inevitably leads to the breakdown of the 
maximally symmetric vacuum state (AdS spacetime) into 
a spacetime with a compactificd fifth dimension, as the 
one considered in this section. Specifically, if we take 
X = -1 + e, with < e < 1, then R = ly/e < I. 



B. Shrinking Fifth Dimension 

A PH— solution (see table U and figure [2]) can take on 
the form 



ds 2 = -dt 2 + dS 2 + e- 2t/T dw 2 , 



(26) 



where t = [cf. eq. (|2"5|) ] and E has constant negative 
curvature. 

The spacetime described by the line element (j2l)|) fea- 
tures an exponentially shrinking fifth dimension, which 
after some time leaves an effectively four-dimensional 



V. CONCLUSIONS 

In this paper we have analyzed possible candidates for 
the vacuum state of the EGB theory in five dimensions, in 
the particular case where the coupling constants of the 
theory do not allow for a constant-curvature solution. 
Five-dimensional spacetime has a dual appeal; on one 
hand, it is the lowest dimension where the EGB theory 
can be defined, and on the other hand, it is interesting 
in view of the AdS/CFT correspondence 0. 

The general picture we find is that of a product of a 
three-manifold E and a two-manifold Q, both with con- 
stant curvatures 



K 
L 



1 
1 



(27) 
(28) 



respectively. Here / is a global length scale, x is a dimen- 
sionless parameter that measures the relative strength 
of the EH term in the EGB action, and £ is defined by 
[cf. eq. ([23])] 



(29) 



Everywhere we have assumed that time lies on the two- 
manifold Q, but solutions where time is located on E 
also exist. On the other hand, we were unable to find 
any solutions that displayed a 4 + 1 structure instead of 
the 2 + 3 factorization discussed here. 

Two solutions have seemed particularly interesting 
to us, since both can be regarded as effectively four- 
dimensional, with the fifth dimension cither being com- 
pactificd to a circle or shrinking exponentially with time. 

Furthermore, we have found that even a slight devia- 
tion from the exact AdS-CS theory (with x = — 1) pro- 
duces a complete breakdown of the maximally symmetric 
vacuum state (five-dimensional AdS spacetime) into one 
of the above-mentioned solutions. Specifically, we find 
that, for x = — 1 + £, with < e « 1, either the cir- 
cle has an arbitrarily small radius R = l^fs <C I or the 
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fifth dimension shrinks extremely fast, with a character- 
istic time scale t = l^/e < 1. In both cases the three- 
manifold £ has constant negative curvature only slightly 
different from five-dimensional AdS spacetime, namely 
K = - (1 + e) /I 2 . 

It is somehow puzzling, or perhaps revealing, that both 
these effectively four-dimensional solutions occur when x 
is close to the AdS-CS value of x = —1. There seem to 
be no similarly interesting (i.e., that display a dynamical 
dimensional reduction to four dimensions) solutions with 
X close to the dS-CS value of x = +1- 

There are several foreseeable extensions for this work. 
In trying to answer the question why our universe has 
four observable dimensions, the first thing one must do 
is stop assuming it has four from the outset. Studying 
theories in five dimensions is clearly a step forward, but 
far from being enough. Ideally, one would like the theory 
itself to select the dimension of spacetime, much like it 
occurs in String Theory, for instance. In this spirit, it 
would be interesting to see if effectively four-dimensional 
spacetimes emerge as the vacuum state of EGB gravity 
in dimensions higher than five. While the field equations 
are essentially the same as in d = 5, the ansatz (JTOj) 
clearly must be modified. On the other hand, Lovelock 
terms with third and higher-order terms become avail- 
able as we increase the spacetime dimension. In d = 11, 
for instance, the most general gravitational Lagrangian 
with no explicit torsion that has second-order field equa- 
tions for the metric includes up to fifth-order powers of 
the curvature. Finding the regime where no constant- 
curvature solutions exist in this eleven-dimensional case 
amounts to solving a fifth-order polynomial. This will 
lead to a much richer set of possibilities than the one we 



have discussed here. 

Our solutions are simple enough to hold them as strong 
candidates for the vacuum state of the EGB theory with 
X 2 < 1, but there may be others. The main issue that 
needs addressing is the question of stability. Being a 
quadratic theory, the definition of energy in EGB gravity 
is different from that of GR, and specific methods to deal 
with it have been developed in the literature [U [2?], [28[ . 
Even in the case where two constant-curvature solutions 
exist, deciding which one of them can be regarded as the 
true vacuum is nontrivial H, l2ll - [25j . We would like to 
stress that, while most surely the techniques developed in 
the literature will be useful in deciding whether any of our 
solutions can be regarded as the vacuum, the conclusions 
that have been reached so far are inapplicable in our case, 
since they refer to constant-curvature spaces that are not 
allowed in the x 2 < 1 regime. 
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